Abstract. By using Cauchy integral formula in the theory of complex functions, the authors establish some integral representations for the principal branches of several complex functions involving the logarithmic function, find some properties, such as being operator monotone function, being complete Bernstein function, and being Stieltjes function, for these functions, and verify a conjecture on complete monotonicity of a function involving the logarithmic function in Publicationes Mathematicae Debrecen 80
Introduction
We recall some definitions, notions, and characterizations used in this paper. It is well known [20, Chapter IV] that an infinitely differentiable function f on an interval I is said to be completely monotonic on I if it satisfies (−1) n−1 f (n−1) (t) ≥ 0 for x ∈ I and n ∈ N, where N stands for the set of all positive integers. For our own convenience, we denote the class of all completely monotonic functions on an interval I by the notation C [I] . The class C[(0, ∞)] is characterized by [20, Theorem 12b ] which reads that a necessary and sufficient condition that f (x) should be completely monotonic for 0 < x < ∞ is that f (x) = ∞ 0 e −xt dα(t), (1.1) where α(t) is non-decreasing and the integral converges for 0 < x < ∞. In [6, Definition 1], a notion "completely monotonic degree" was introduced as follows. If for some r ∈ R the function t r f (t) is completely monotonic on (0, ∞), but for any positive scalar ε > 0 the function t r+ε f (t) is not completely monotonic, then the scalar r is called the completely monotonic degree of f (t) with respect to t ∈ (0, ∞); if for any r ∈ R none of t r f (t) is completely monotonic on (0, ∞), then the completely monotonic degree of f (t) with respect to t ∈ (0, ∞) is said to be −∞; if for all r ∈ R each and every t r f (t) is completely monotonic on (0, ∞), then the completely monotonic degree of f (t) with respect to t ∈ (0, ∞) is said to be ∞. For convenience and simplicity, the notation deg t cm [f (t)] was designed in [6, p. 9890 ] to denote the completely monotonic degree of f (t) with respect to t ∈ (0, ∞). Completely monotonic functions on (0, ∞) of degree r ≥ 0 with respect to x can be characterized by [9, Remark 1.6 ] which may be reformulated as follows. For more information on the notion "completely monotonic degree", please refer to [10, 11, 17] and closely related references therein.
An infinitely differentiable function f is said to be logarithmically completely monotonic on an interval I if inequalities (−1)
For more information about the notion "logarithmically completely monotonic function", please refer to [1, 2, 7, 12, 13, 14, 15, 16] and closely related references therein.
A (non-negative) Stieltjes function is a function f : (0, ∞) → [0, ∞) which can be written in the form
where a, b are non-negative constants and µ is a measure on (0, ∞) such that
were discovered in [2, 7, 12, 13] , where S, L[I], and C[I] denote respectively the set of all Stieltjes functions, the set of all logarithmically completely monotonic functions on an interval I, and the set of all completely monotonic functions on I.
In the literature, we call (1. 
where a, b ≥ 0 and µ is a measure on (0, ∞) satisfying ∞ 0 min{1, t} dµ(t) < ∞. In particular, the triplet (a, b, µ) determines f uniquely and vice versa. See [18, Theorem 3.2] . The formula (1.5) is called Lévy-Khintchine representation of f . The representing measure µ and the characteristic triplet (a, b, µ) from (1.5) are often respectively called Lévy measure and Lévy triplet of the Bernstein function f . If Lévy measure µ from (1.5) has a completely monotonic density m(t) with respect to Lebesgue measure, that is, the integral representation
holds for a, b ≥ 0, where m(t) is a completely monotonic function on (0, ∞) and satisfies = r for some r ∈ R ∪ {±∞}, then f (t) is said to be a Stieltjes function of degree r, or say, the scalar r is said to be the degree of the Steltjes function f on (0, ∞). [17] , then deg
Similar to the above mentioned deg
It is stated in [18, Theorem 12.17 ] that the families of complete Bernstein factions and positive operator monotone functions on (0, ∞) coincide. Therefore, we may introduce a new notion "degree of a positive operator monotone function" as follows. Definition 1.2. Let f (t) be a positive operator monotone function on (0, ∞). If deg t cb [f (t)] = r for some r ∈ R ∪ {±∞}, then f (t) is said to be a positive operator monotone function of degree r, or say, the scalar r is said to be the degree of the positive operator monotone function f on (0, ∞). Now we simply summarize up the motivation of this paper. The motivation of this paper is due to a conjecture recited below. In [19, Section 5.2], three conjectures were posed and the third one among them may be stated as follows.
is completely monotonic on (0, ∞). It is easy to obtain that lim x→∞ h(x) = 1. Let
(1.8)
As usual, we use ln x for the logarithmic function having base e and applied to the positive argument x > 0. Further, the principal branch of the holomorphic extension of ln x from the open half-line (0, ∞) to the cut plane
is denoted by ln z = ln |z| + i arg z, where i = √ −1 and the argument of z satisfies −π < arg z < π. It is not difficult to see that the principal branchs of the holomorphic extensions of h(x) and H(z) to A are
and
, z = 1,
(1.10)
The aim of this paper is to verify Conjecture 1.1 by Cauchy integral formula in the theory of complex functions. Indeed, we will obtain more and stronger results than Conjecture 1.1, which can be formulated as the following theorems.
(1) the principal branch of the complex function zH(z) has an integral representation
where
is non-negative on (0, ∞); (2) the principal branch of the complex function
where 
) the principal branch of the complex function h(z) has an integral representation
, with the same integral representation (1.14) and and of degree deg ǫf (x)+1 ∈ S for all ǫ > 0. From these properties and the fact that H 
Lemmas
In order to prove our main results, the following lemmas are necessary. 
Lemma 3.2. For z = re θi ∈ A, the complex function zH(z) uniformly tends to 0 as r → ∞.
Proof. By standard argument, we have for θ ∈ (−π, π) converge uniformly.
Proof. This follows from similar arguments as in proofs of Lemmas 3.2 and 3.3.
Lemma 3.5. For z ∈ A, the real and imaginary parts of the principal branch of the complex function zH(z) satisfy
t ln
Proof. For t ∈ (0, ∞) and ε > 0, when z = −t + εi, we have
ln t ln
π ln From the relation (1.8) between h(x) and H(x) and the property of complex numbers, it follows that
Accordingly, we obtain
and lim
Combining these with the limits (3.5) and (3.6) and simplifying yield the required limits. Lemma 3.5 is thus proved. 
Proofs of theorems
We now start out to to prove our main results stated in Theorems 1.1 and 1.2.
Proof of Theorem 1.1. For any but fixed point z ∈ A, choose 0 < ε < 1 and r > 0 such that 0 < ε < |z| < r, and consider the positively oriented contour C(ε, r) in A consisting of the half circle z = εe iθ for θ ∈ − π 2 , π 2 and the half lines z = t ± εi for t ≤ 0 until they cut the circle |z| = r, which close the contour at the points −r(ε) ± εi, where 0 < r(ε) → r as ε → 0. See Figure 1 .
For our own convenience, in what follows, let us denote zH(z) by G(z). Applying Cauchy integral formula in Lemma 3.1 to the function G(z) on the domain enclosed by the contour C(ε, r) gives
By virtue of Lemma 3.2, we deduce that 
as ε → 0 + and r → ∞. Substituting (4.2), (4.3), and the above one into (4.1) and simplifying generate the integral representation (1.11) .
It is standard to show that the functions t(1+t 2 ) t−1 on 1, 1 + √ 2 and 1+t 2 t(t−1) on 1 + √ 2 , ∞ are bigger than 1. This implies that the function ρ(t) is non-negative on (0, ∞).
By standard argument and Lemma 3.5, we may gain
By Lemma 3.4 and the same argument as in the proof of the integral representation (1.11), it follows that
The integral representation (1.13) is proved. By Lemma 3.6 and the integral representation (1.11), it is not difficult to see that
The integral representation (1.14) is proved. The integral representation (1.13) may be rearranged as
Further considering lim 
